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The Local Group (LG) is an appropriate test system for Modified Newtonian Dynamics, since
the acceleration of M31 galaxy is fully in the deep MOND regime a  a0. We model the LG as a
two body problem of M31 and the Milky Way (MW) galaxies. Extending previous studies, we also
include the Cosmological Constant. The assumption that in the big bang the galaxies emerged from
the same place and approach to the measured distance and velocity today (the Timing Argument),
predicts the total mass for the LG: (0.447± 0.005) · 1012M. The corresponding motion of the LG
predicts a past encounter. The ratio between the baryonic mass that MOND considers to the mass
that Newtonian case predicted, which includes dark matter is 10.74 ± 0.82. This ratio agrees with
the ratio between the dark matter and baryonic matter in other galaxies.
I. INTRODUCTION
Dark matter is one for the most profound unsolved
phenomena in modern astrophysics and cosmology. The
standard approach describes the dark matter as cold mas-
sive particles as Weakly Interacting Massive Particles
(WIMPS) [1–11], axions [12–20] or very light axion-like
particles [21–23].
The presence of dark matter in galaxies is observed
from different measurements. The basic one is the mis-
match between the predicted Keplerian velocity of orbit-
ing stars in galaxies and the measured one [24, 25]. The
measured velocity for large distances is approximately
constant. In addition this constant velocity is related
to the luminous mass through the Tully-Fisher relation
[26–30].
Modified Newtonian Dynamics is a different formula-
tion that is capable to explain the flat rotation curves of
galaxies [31–36]. MOND changes the Newton’s Second
Law (NSL) to:
F = maµ
(
a
a0
)
(1)
where µ
(
a0
a
)
is some function. For a  a0 the function
approaches one, µ
(
a
a0
)
→ 1, and produces the NSL. In
the deep-MOND, a a0, the function approaches:
µ
(
a
a0
)
→ a
a0
(2)
In the deep-MOND regime, the function reduces to the
linear approximation, µ
(
a
a0
)
→ aa0 , which yields the
modified NSL:
F = m
(
a2
a0
)
. (3)
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This modified version gives the flat rotation curves of
galaxies and the Tully-Fisher relation. This fit exists for
single galaxies. However we want to test the theory for
a two galaxies system, where the relative accelerations
is also in the deep-MOND regime. We find the Local
Group (LG) of Galaxies as a good test system, since the
estimated accelerations of the LG are in the deep-MOND
regime as we will see.
Earlier estimations for the LG mass have been done
with different methods [37]: considering simulations [38–
42], the Kahn-Woltjer Timing Argument (TA) as much
as the virial theorem [43–47], numerical action method
[48], machine learning [49] and the disturbed Hubble flow
[47]. The estimations predict that the mass is around
1012 solar masses (M).
The LG approximately consist with two large galaxies:
the Milky Way (MW) and Andromeda galaxy (M31). In
the early universe the galaxies started from the same lo-
cation and the current state of M31 is known from the
latest measurements [44, 45]. This picture known as the
the Kahn-Woltjer Timing Argument (TA) and has been
used to estimate the mass of the LG [43]. In our anal-
ysis we compare between the predicted mass of the LG
from the Newtonian case and the MONDian case. Be-
cause MOND is an alternative explanation for the Dark
Matter, the predicted mass of LG in the MONDian case
should predict the baryonic matter mass only. While the
Newtonian case predicts the mass for the baryonic mat-
ter and the dark matter. We compare the ratio between
the masses is the LG to other galaxy systems and see if
the prediction of MOND yields a good approximation.
The structure of this paper is as follows: Section II
formulates the equation of motion for the LG dynamics,
both in the Newtonian case and in the MONDian case.
Section III discusses the LG dynamics and the Timing
Argument. Section IV calculates the mass of the LG for
the MONDian case. Section V calculates the contribu-
tion of the Cosmological Constant for the mass. Finally,
section VI discusses the results.
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2II. TWO BODY PROBLEM AND MOND
The Cosmological Constant domination is considered
to govern at cosmological scales [46, 47, 50]. However,
[39, 49, 51–54] show that the Cosmological Constant ef-
fect in the LG scales (1Mpc) changes the mass of LG
to be 13% higher. Hence we include the Cosmological
Constant contribution in our analysis. In General Rel-
ativity the effect on the motion of a test body can be
considered in the framework of the spherically symmet-
ric Schwarzschild vacuum solution with a Cosmological
Constant background, which in the linearized approxi-
mation takes the form:
ds2 = (1 + 2φ/c2)(cdt)2 − (1− 2φ/c2)d~x2 (4)
where c is the speed of light in vacuum, φ is the potential:
φ = −GM
r
− Λc
2
6
r2, (5)
and G is the Newtonian gravitational constant. The total
Lagrangian for two particles in the center of mass system
reads [55]:
L/µ = 1
2
v2 +G
M
r
+
Λ
6
r2, (6)
where r is the relative distance, v is the relative velocity,
M is the total mass and µ is reduced mass. In polar
coordinate system (r, ϕ) the relative distance variation
reads [56, 57]:
r¨ =
L2
r3
− GM
r2
+
1
3
Λc2 r, (7)
where L is the conserved angular momentum per mass
L = r vtan, and vtan is the tangential velocity. There
are two different contributions to the acceleration. One
is the angular momentum term L2/r3, and the other is
the gravitational part with the Cosmological Constant,
which is related to the generalized Newtonian force gN :
gN = −GM
r2
+
1
3
Λc2r. (8)
The total acceleration is obtained by using the
Pythagorean Theorem. In the deep-MOND regime, the
equation of motion reads:
r¨ − L
2
r3
= Sign(gN )
√
|gNa0|, (9)
In order to keep the direction of the modified acceleration
as the direction of the Newtonian force, we introduce the
"sign" of gN in the equation of motion.
Newtonian gravity allows us to transform to another
accelerated frame which generates a uniform gravita-
tional potential, which is compensated by a linear trans-
formation of the Newtonian potential which leaves New-
ton’s equations and Poisson equation invariant [58]. This
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FIG. 1. The distance at the big bang for different masses
of the LG. The upper panel presents the Newtonian case, and
the lower panel presents the Mondian case. The smooth and
dashed lines refer to the cases with and without the Cosmo-
logical Constant, respectively. The prediction of the TA cor-
responds to a minimal point in the curve where r approaches
zero. Minimal points related to different number of past en-
counters.
symmetry is correlated to the translation symmetry of
the Newtonian cosmology, where observing the Universe
from another "center" corresponds to shifting to another
accelerated frame, but where all the laws remain invari-
ant. Such trivial formulations of MOND are not consis-
tent with cosmology. However we explore the effects of
MOND as a local formulation under the assumption that
there exists a theory which does not violate cosmological
principles on large scales and reduces to MOND in the
appropriate limit.
III. THE LG DIMENSIONS
[44, 45] measure the final state of the M31 relatively
to us is with the distance:
rm31 = 0.77± 0.04Mpc, (10)
the radial velocity:
vrad = −109.3± 4.4 km/sec, (11)
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FIG. 2. Left Panel: The contour plot for the total mass of the LG with a consideration of MOND with a Cosmological Constant
background. Marginalizing over the parameters (r, vr, vt, Λ0) yields the mass (19). Right Panel: The posterior distribution for
the total mass of the LG for the Newtonian case and for the MONDian case. The mass of LG in Newtonian case is Eq. (18)
and the mass of the MONDian case is Eq. (19).
with the tangential velocity:
vtan = 57
+35
−31 km/sec. (12)
The Cosmological Constant is being:
Λ = (4.24± 0.11) · 10−66 eV 2 (13)
The age of the universe is:
t0 = 13.799± 0.021Gys. (14)
Those values are determined also by the latest Planck
measurements [59]. The critical acceleration is taken to
be:
a0 ∼ 10−10 km/sec2 (15)
We can show that that the LG is in the deep MOND
regime from the acceleration terms in Eq. (7). If we as-
sume the total mass is around 1012M, the acceleration
terms give:
GM
r2
≈ 2.06 · 10−13km/sec2, (16)
1
3
Λc2 r ≈ 6.47 · 10−14km/sec2, (17)
where both are in the deep-MOND regime. Therefore as
we mentioned earlier, the LG is a good test system for
MOND.
IV. THE MASS OF THE LG
We evaluate the final state back in time. The galaxies
are modeled as point masses. In order to calculate the
mass of the Local group we evaluate the measured dis-
tance of M31 to obtain what should be the distance at
the "big bang" for different LG masses. Fig. 1 presents
the distance for the big bang for different masses of LG.
The model gives the predicted mass when the curve ap-
proaches minimum (r → 0).
There are several minimal points in Fig 1. The blue
line shows the distance at the big bang for the Newtonian
case, while the red line shows the distance at the big bang
for the MONDian case. The minimal point of the red line
corresponds to the predicted mass for the MONDian case
with one past encounter. Because the galaxies are not
point like masses, the prediction seems to be true only
for the first minimal point. Higher encounters cause the
galaxies to merge.
Because of the distribution of the measured final condi-
tions, we use a Gaussian prior for the initial distance (10),
the radial velocity (11), the tangential velocity (12), the
Cosmological Constant (13) and the age of the universe
(14) similarly to [60], where the error bar of the initial
condition is taken to be the variance. However, for a0 we
use a uniform prior of a0 ∈ [0.1; 10] · 10−10 km/sec2. We
use Monte Carlo simulation with 107 samples.
Fig 2 shows the posterior distribution for the mass with
a consideration of MOND vs. the value of a0, with a
Cosmological Constant. The mass of LG in Newtonian
case, as observed originally in [60], is being:
MNewtonian = (5.23± 0.63) 1012M. (18)
The mass for the MONDian case is:
MMOND = (0.447± 0.005) 1012M. (19)
In order to track the actual motion of M31 in both
gravity models, we integrate the ϕ˙ and calculate the an-
gle ϕ =
∫
L/r2dt. The final conditions for the numerical
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FIG. 3. The predicted motion of M31 from the big bang (at
the origin) up to the final location (0.77 Mpc,0). The red line
refers to the Newtonian case and the blue dashed line refers
to the MONDian case with one past encounter.
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FIG. 4. The statistical distribution for the ratio between the
predicted dark matter and the predicted baryonic matter. The
distribution yields the ratio ≈ 10.
solution is ϕ = 0. Fig 3 shows the actual motion of M31
relatively to the MW galaxy. The red line corresponds
to the Newtonian prediction and the dashed blue line
corresponds to the MONDian prediction. In both cases
the M31 galaxy begins at the origin and finish at the po-
sition (0.77Mpc, 0). The Newtonian case describes how
M31 getting away and getting closer. But the MONDian
case predicts one past encounter. [61] already predicted
this past encounter. However, [61] didn’t take into ac-
count the Cosmological Constant in addition the modi-
fied inertia of MOND.
Past encounters are problematic in the Newtonian case
due to the strong Dynamical Friction (DF) from the dark
matter [62, 63]. [64, 65] uses an N-body simulation to
track the evolution of the LG, focusing on the Milky Way
and Andromeda. The simulation shows that DF between
the galaxies would lead to the eventual merger of the LG.
However, for MOND the scenario is different: it provides
an alternative law of inertia and therefore there is less
matter and less DF. [66, 67] claim from N-body simula-
tion that in MOND the galaxies would not merge after
the past encounter.
The ratio between the masses requires from us a differ-
ent analysis for MOND. MOND is a formulation that re-
places dark matter. So the MONDian TA gives a predic-
tion that all the mass is the baryonic matter alone. The
Newtonian case predicts the baryonic and an additional
amount of dark matter constitute the total mass. The
dark matter mass is calculated by the difference between
the Newtonian prediction and MONDian prediction. Fig
4 shows the distribution for the ratio between the dark
matter and the baryonic matter. The distribution yields
the ratio:
MDM/Mb = 10.74± 0.82, (20)
with 1σ error. The ratio between the dark matter and
baryonic matter in our universe is around six, where for
different galaxies the ratio is approximately ten [68, 69].
The ratio agrees with the ratio in some galaxies.
V. THE CONTRIBUTION OF Λ
In order to complete our analysis, we test the predicted
mass of the LG without the presence of the Cosmological
Constant. Marginalizing over the initial conditions yields
the mass:
MMOND(Λ = 0) = (3.16± 0.07) 1010M. (21)
This value agrees with earlier estimations, such as: 0.027·
1012M, that [54] predicted. This value does not corre-
sponds to a past encounter, but the motion begins in the
big bang (r = 0) and ends with the measured relative dis-
tance today. Fig 5 shows the contour plot for the mass
(red curve). In addition to first minimum for the dashed
line in Fig 1, there is a second minimum that predicts a
possible mass. This minimum corresponds to the mass:
MMOND,PE(Λ = 0) = (2.62± 0.03) 1011M. (22)
Fig 5 shows the contour plot for the mass (blue curve) for
the case of one past encounter. The mass agrees with the
prediction for the case with the Cosmological Constant.
Because the Cosmological Constant pushes the galaxies
against the gravitational force, its presence results in a
larger mass in order to fit the initial condition of the TA
and the measured final conditions. Notice also that the
tangential velocity of M31, measured by [45], is larger
then the earlier estimations. So we expect for slightly
different predicted masses.
Our analysis predicts that one PE for the case with
Λ, is an essential solution, since there is no a minimal
point in Fig 1 that yields a solution without PE. For the
case of zero Λ the minimal point that predicts one PE is
different from the first minimal point, that does not yield
a past encounter.
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FIG. 5. The contour plot for the total mass of the LG with a consideration of MOND without a Cosmological Constant,
marginalizing over the parameters (r, vr, vt) yields the mass (21) and (22) for one past encounter.
VI. DISCUSSION
This paper we test the mass of LG in the MOND for-
mulation. we are treating the MW and M31 galaxies as
point particles that emerge briefly after the big bang at
a very small distance. The requirement that M31 has at
present the distance and velocity as observed allows one
to extract the mass of LG.
MOND is a formulation that modifies the Newto-
nian Second Law for low accelerations instead of dark
mater. The ratio between the dark matter and bary-
onic matter according to the ΛCDM model is around
six, where for different galaxies the ratio is approxi-
mately ten and higher [68, 69] . Therefore, if the Newto-
nian TA predicts that the mass of LG should be around
(5.2± 1.7) 1012M, then the baryonic matter should be
around (0.45± 0.15) · 1012M for the MONDian cases.
The MONDian case forces one past encounter.
Notice that the deep MOND approximation will be
correct most of the time, except very close to the en-
counter, where Newtonian dynamics becomes valid again
due to the larger accelerations. This does not affect how-
ever the validity of the conclusions concerning encounters
since this is a very small section of the trajectories of the
galaxies. At the encounter itself we will have now a New-
tonian situation but with much smaller masses, so may be
large dynamical friction effects could be avoided and also
the definite merger of the two galaxies, which of course
will be against the observed two separate galaxies that
we see at the present time for our LG.
Finally, it will be important to extend the analysis to
modified theories of gravity that predict a linear compo-
nent in the gravitational potential instead of modifying
the inertia as MOND. This model could be useful to test
the validity for those theories, whenever the predicted
mass would be much smaller than the Newtonian model.
These models could arise from conformal gravity [70] or
alternatives theories of gravity [71–76].
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